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Abstract

Physical systems are usually modeled by differential equations, but
solving these differential equations analytically is often intractable.
Instead, the differential equations can be solved numerically by dis-
cretization in a finite computational domain. The discretized equation
is reduced to a large linear system, whose solution is typically
found using an iterative solver. We start with an initial guess, x0,
and iterate the algorithm to obtain a sequence of solution vec-
tors, xm. The iterative algorithm is said to converge to the exact
solution x of the linear system if and only if xm converges to x.
It is important that we formally guarantee the convergence of iterative
algorithm, since these algorithms are used in simulations for design of
safety critical systems such as airplanes, cars, or nuclear power plants.
In this paper, we first formalize the necessary and sufficient conditions
for iterative convergence in the Coq proof assistant. We then extend
this result to two classical iterative methods: Gauss-Seidel iteration and
Jacobi iteration. We formalize conditions for the convergence of the
Gauss–Seidel classical iterative method, based on positive definiteness
of the iterative matrix. We then use these conditions and the main
proof of iterative convergence to prove convergence of the Gauss-Seidel
method. We also apply the main theorem of iterative convergence on an
example of the Jacobi classical iterative method to prove its convergence.
We leverage recent developments of the Coq linear algebra, Coquelicot’s
real analysis library and the mathcomp library for our formalization.
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1 Introduction

Differential equations are used throughout science and engineering to model
and predict the behavior and performance of aircraft, cars, trains, robots,
chemical powerplants, the stock exchange, and many more. For example,
the aerodynamics of an airplane can be represented by the Navier–Stokes
equations [1]; the Riccati differential equation [2] is encountered in the prob-
lems of optimal control; and the Black–Scholes equation [3] is a partial
differential equation that is used to model valuation of stock options [4] in
mathematical finance. Differential equations are thus pervasive in almost every
aspect of science and engineering, and being able to solve those differential
equations precisely and accurately, but also while trusting that the solutions
are accurate, is of utmost importance.

However, in many cases, solving the differential equations analytically is
intractable. Therefore, the differential equations are solved numerically in a
finite computational domain, using methods such as finite differences or finite
elements. In many cases, the desired precision is so high that it requires a large
finite domain, and the exact numerical computation – typically involving the
inversion of a large matrix – cannot be performed exactly. In those cases, a
common approach is to use a family of methods called iterative methods [5].
Instead of inverting a large matrix, those methods build a series of approxi-
mations of the solution that eventually converge to the direct solution. Many
general purpose ordinary differential equation (ODE) solvers use some kind of
iterative method to solve the linear system. For instance, ODEPACK [6], which
is a collection of FORTRAN solvers for initial value problem for ODEs, uses
iterative (preconditioned Krylov) methods instead of direct methods for solv-
ing linear systems. Since most codes in scientific computing are still written
and maintained in FORTRAN, these solvers are being widely used. Another
widely used suite of ODE solvers is SUNDIALS [7]. SUNDIALS has support for
a variety of direct and Krylov iterative methods for solving the system of linear
equations. SUNDIALS solvers are used by the mixed finite element (MFEM)
package for solving nonlinear algebraic systems and by NASA for spacecraft
trajectory simulation [7]. Because those iterative methods are widely used, it
is important to obtain formal guarantees for the convergence of iterative solu-
tions to the “true” solutions of differential equations. In this paper we use
the Coq theorem prover to formalize the convergence guarantees for iterative
methods.

A number of works have recently emerged in the area of formaliza-
tion of numerical analysis. This has been facilitated by advancements in
automatic and interactive theorem proving [8–11]. Some notable works in
the formalization of numerical analysis are the formalization of Kantorovich
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theorem for proving convergence properties of the Newton methods in Coq
by Ioana Pasca [12], the formalization of the matrix canonical forms in Coq
by Cano et al. [13], and the formalization of the Perron-Frobenius theorem in
Isabelle/HOL [14] for determining the growth rate of An for small matrices
A. Brehard [15], worked on rigorous numerics that aims at providing certi-
fied representations for solutions of various problems, notably in functional
analysis. Boldo and co-workers [16–18] have made important contributions to
formal verification of finite difference schemes. They proved consistency, stabil-
ity and convergence of a second-order centered scheme for the wave equation.
Tekriwal et al. [19] formalized the Lax equivalence theorem for finite differ-
ence schemes. The Lax equivalence theorem provides formal guarantees for
convergence of a finite difference scheme if it is stable and consistent. Besides
Coq, numerical analysis of ordinary differential equations has also been done
in Isabelle/ HOL [20]. Immler et al. [21–23] formalized flows, Poincaré map
of dynamical systems, and verified rigorous bounds on numerical algorithms
in Isabelle/HOL. In [24], Immler formalized a functional algorithm that com-
putes enclosures of solutions of ODEs in Isabelle/HOL. However, the problem
of iterative convergence has not been dealt with formally before. Over the
recent years, the mathcomp library [25] in Coq has made significant contribu-
tions in formalizing the algebraic structures and theorems and lemmas from
linear algebra. The time is right to exploit and leverage those developments
to address problems in verified scientific computing. We believe that our for-
malization on iterative convergence is an important step towards making fully
verified scientific computing possible.

Overall this paper makes the following contributions:

• We provide a formalization of the necessary and sufficient conditions for
iterative convergence in the Coq proof assistant;

• We formalize conditions for convergence of the Gauss–Seidel classical
iterative method;

• We then apply the main theorem on iterative convergence to an exam-
ple of the Jacobi iteration, another classical iterative method, to prove its
convergence;

• During our formalization, we develop libraries for dealing with complex
matrices and vectors on top of the mathcomp complex formalization;

• We also formalize the properties of the 2-norm of a matrix and its spectral
properties.

This paper is structured as follows. In Section 2, we discuss an overview of
the existing libraries in Coq that we base our formalization on. In particular,
we discuss those formalizations that are relevant to follow our work. We then
define the modulus of a complex number, matrix and vector norms, which we
use extensively in our formalization of iterative convergence. In Section 3, we
formalize the necessary and sufficient conditions for the iterative convergence
in the Coq proof assistant. We formally prove that an iterative method con-
verges if and only if all the eigenvalues of an iterative matrix have magnitude
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less than 1. We then state an example problem in Section 4 that we later use to
demonstrate the application of the iterative convergence theorem to a couple of
classical iterative methods. In Section 5, we formalize the sufficient conditions
for convergence of the Gauss–Seidel iterative method. The sufficient condition
states that all the eigenvalues of the iterative matrix of a real and symmetric
matrix A have a magnitude less than 1 if A is positive definite. We then apply
these conditions and the theorem from Section 3 to formally prove that the
sequence of iterative solutions xm obtained by Gauss–Seidel method converges
to the solution x obtained using direct matrix inversion methods. In Section 6,
we apply the theorem on iterative convergence from Section 3 to prove conver-
gence of an example of Jacobi iterative method. Both Gauss–Seidel and Jacobi
iteration are instances of iterative methods. In Section 7, we discuss existing
gaps in the current state-of-the art and provide a detailed account on how
we addressed them in our formalization. In Section 8, we conclude by sum-
marizing key takeaways and discussing future work. Our full formalization is
available at: https://github.com/mohittkr/iterative convergence.git.

2 Preliminaries

In this section, we discuss some preliminaries required to follow our work on
formalizing iterative convergence.

2.1 Overview of the libraries in Coq

In our formalization, we use use the Standard reals library, the real anal-
ysis library from Coquelicot [9], and the linear algebra package from
mathcomp [25]. Before we discuss their use in our formalization, it is worth
spending some time discussing important features from these libraries.

Coquelicot [9] is an extension of the standard real analysis library and
formalizes important results in real analysis like limits, derivatives, integrals
etc. In particular, we used the limits formalization from Coquelicot [9] exten-
sively. Limits of a sequence are defined in Coquelicot [9] using the is lim seq

predicate. This predicate is implemented using filters and hence the definition
of is lim seq is expressed in Coq as

Definition is_lim_seq (u : nat →R) (l : Rbar) :=
filterlim u eventually (Rbar_locally l).

There exists an equivalent ε − δ definition of limits in Coquelicot [9] which
states that sequence (un) has limit l if and only if

∀ε > 0,∃N ∈ N,∀n ∈ N, n ≥ N ⇒ |un − l| < ε

Formally, this is stated in Coquelicot [9] as

Definition is_lim_seq’ (u : nat →R) (l : Rbar) :=
match l with

| Finite l ⇒ forall eps : posreal,

https://github.com/mohittkr/iterative_convergence.git
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eventually (fun n ⇒ Rabs (u n − l) < eps)
| p_infty ⇒ forall M : R, eventually (fun n ⇒ M < u n)
| m_infty ⇒ forall M : R, eventually (fun n ⇒ u n < M)

end.

where eventually is a topology on natural numbers and states that given a
property P , there exists a natural number N such that a property P n, holds
for all n ≥ N . In Coq,

Definition eventually (P : nat →Prop) :=
exists N : nat, forall n, (N <= n)%nat → P n.

In our formalization, we often had to switch between the filter definition of
limits and the ε− δ definition of limits. This was possible due to the following
equivalence lemma in Coquelicot [9]

Lemma is_lim_seq_spec :
forall u l, is_lim_seq’ u l ↔ is_lim_seq u l.

We also work extensively with matrices in our formalization. Thanks to the
mathcomp [25] formalization of linear algebra, we have all the tools to work
with matrices. In mathcomp [25], matrices are defined as a function from finite
sets to an appropriate ring type.

Variant matrix : predArgType := Matrix of {ffun ’I_m ×’I_n →R}.

Here ’I m and ’I n are ordinal types and represent a finite set of naturals
from {0, ..,m − 1} and {0, .., n − 1}, respectively. The following notation lets
us define a matrix as a function of i : ’I m and j : ’I n.

Notation "\matrix_ ( i , j ) E" := (matrix_of_fun (fun i j ⇒ E)).

For instance, a 2× 2 real valued matrix, A = [1, 2; 3, 4] can be defined as

Definition A := \matrix_(i< 2, j < 2)
(if (i = = 0%N :> nat) then

(if (j = = 0%N :> nat) then 1%Re else 2%Re) else

(if (j = = 0%N :> nat) then 3%Re else 4%Re)).

Another formalization in mathcomp [25] that was really helpful to us was the
bigop library for definite iterated operations. The notation

Notation "\big [ op / idx ]_ ( i ← r \ P ) F" :=
(bigop idx r (fun i ⇒ BigBody i op P%B F)) : big_scope.

allows us to define iterated sums and products by instantiating the op operator
and the appropriate identity idx. Here, F is a function of i chosen from a
finite sequence r when the predicate P holds true. The matrix operations like
matrix-vector multiplication, dot products, traces etc. are defined in terms of
these big operations.

The seq library in mathcomp [25] allows us to define a finite sequence. In
our formalization, we use sequences to get the eigenvalues and its multiplicity
from the roots of the characteristic polynomial of a matrix A. Therefore, it is
worth going through some relevant operations from the sequence library. The
following notation defines a map for each element x in the sequence s.
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[ seq E | x ← s] := map (fun x ⇒ E) s.

To extract an nth element in the sequence, we use the following notation from
mathcomp

nth x0 s i

The keyword enum allows us to translate from the set notation to sequences.
Another notable formalization that we used in our formalization was the

canonical forms library [13]. The canonical forms library defines Jordan canon-
ical forms which we use extensively in our proof of iterative convergence. In
particular, we will be using the definition of a block diagonal matrix which is
defined in Coq as:

Definition diag_block_mx s F :=
if s is x :: l return ’M_((size_sum s).+1)
then diag_block_mx_rec x l F else 0.

where s is a sequence of natural numbers and is a sequence of algebraic multi-
plicity of the eigenvalues of a matrix. The function (F : (forall n, nat ->

’M[R] n.+1)) defines a block in the block diagonal matrix. It takes the size of
a block and the location of the block in the block diagonal matrix and returns
a matrix of size n+ 1. The block diagonal matrix is defined recursively using
the following definition

Fixpoint diag_block_mx_rec k (s : seq nat)
(F : (forall n, nat → ’M[R]_n.+1)) :=
if s is x :: l return ’M_((size_sum_rec k s).+1)
then block_mx (F k 0%N) 0 0 (diag_block_mx_rec x l (fun n i ⇒ F n i.+1))
else F k 0%N.

The definition block mx generates a matrix using four block matrices.
size sum defines the size of a sequence s recursively.

2.2 Complex modulus

We define the modulus of a complex number as

Definition C_mod (x: R[i]):= sqrt ( (Re x)ˆ+2 + (Im x)ˆ+2).

Here, the type complex is denoted by R[i], and Re x and Im x denote the
real and imaginary part of x, respectively.

2.3 Matrix and vector norms

In this work, we formalize the 2-norm of a matrix and its induced vector norm.
In Coq, we define 2-norm of a matrix as

Definition matrix_norm (n:nat) (A: ’M[complex R]_n.+1) :=
Lub_Rbar (fun x⇒
exists v: ’cV[complex R]_n.+1, v != 0 ∧

x = (vec_norm_C (mulmx A v))/ (vec_norm_C v)).

where vec norm C is the 2-norm of a complex vector, which we define in Coq as
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Definition vec_norm_C (n:nat) (x: ’cV[complex R]_n.+1):=
sqrt (\big[+%R/0]_l (Rsqr (C_mod (x l 0)))).

The definition Lub Rbar is the least upper bound and is already defined in the
Coquelicot [9] library. Mathematically, matrix norm formalizes the following
definition of a matrix norm

||A||i = sup
x 6=0

||Ax||
||x||

for a given vector norm ||.||, which in this case is the L2 vector norm and is
mathematically defined as

||x|| =

√√√√ n∑
j=1

|xj |2

We will next discuss our formalization of the necessary and sufficient condi-
tions for iterative convergence, which builds on the above mentioned libraries
that we discussed.

3 Necessary and sufficient conditions for
iterative convergence

Consider a linear differential equation of the form Au = f . Here, A is a lin-
ear differential operator acting on a real valued continuous function u : R. For

instance, consider a linear differential equation d2u
dx2 = 1. The differential oper-

ator A = d2

dx2 and u is the real valued function. This differential equation is
then discretized in a finite computation domain using a choice of numerical
methods. Using a finite difference numerical method to discretize the above-
mentioned differential equation in a grid of uniform spacing h, we obtain a
system of difference equation Ahuh = fh. Here, the coefficient matrix Ah is
known to us and its form depends on the choice of a finite difference scheme.
The vector fh is also known and represents the set of data points. The vector
uh, also known as the solution vector is unknown. We therefore solve the linear
system Ahuh = fh for the solution vector uh. A naive way to solve linear sys-
tem of equations is to invert the matrix Ah and obtain the solution vector uh

defined as uh
∆
= A−1

h fh. However, the matrix Ah could be full and large. The
computational complexity of inverting a matrix directly is O(N3), where N
is the dimension of the square matrix Ah. On the contrary, classical iterative
methods like the Jacobi [5] and the Gauss–Seidel iteration [5] have computa-
tional complexity of O(N2). Therefore, for large systems, iterative methods
save significant computational time and are thus commonly used in scientific
computing solvers.
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From this point forward, we will denote the matrix Ah as A, the solution
vector uh as x, and the data vector fh as b. The following presentation is a
summary of the general theory of iterative methods described in [5].

Let x be a direct solution obtained by inverting the linear system Ax = b as

x
∆
= A−1b (1)

Here, the matrix A and the vector b are known to us and we are computing
the unknown vector x. We assume that the matrix A is non-singular. Thus,
there exist a unique solution x of the linear system Ax = b. For any iterative
algorithm, we start with an initial guess vector xo and obtain a sequence of
numerical solutions which are an approximation of the solution x. Let xm
be the iterative solution obtained after m iterations obtained by solving the
iterative system

A1xm +A2xm−1 = b (2)

for some choice of initial solution vector xo. The vector xm−1 is the iterative
solution obtained after m − 1 iterations. At the mth iteration step, xm−1 is
known to us. The matrices A1 and A2 are obtained by splitting the original
coefficient matrix A such that A1 is easily invertible. Therefore,

A = A1 +A2 (3)

The choice of matrices A1 and A2 define the choice of an iterative method. For
instance, if we choose A1 to be the diagonal entries of matrix A and A2 to be the
strictly lower and upper triangular entries of A, we obtain the Jacobi method.
We discuss about the Jacobi method in detail in Section 6. If we choose A1 to
be the lower triangular entries of A and A2 to be the strictly upper triangular
entries of A, we get the Gauss–Seidel iterative method. We discuss about the
Gauss–Seidel method in detail in Section 5. Therefore, the matrices A1 and
A2 are also known to us based on the choice of an iterative method. The data
vector b is also known to us. Thus, the unknown solution vector xm at mth

step is obtained by rearranging terms in the iterative system (2) as

xm = (−A−1
1 A2)xm−1 +A−1

1 b (4)

The quantity −A−1
1 A2 in equation (4) is called an iterative matrix and we will

denote it as S. Therefore,

S
∆
= −A−1

1 A2 (5)

The iterative convergence error after m iterations is defined as

emiterative
∆
= xm − x (6)

The iterative solution xm is said to converge to x if and only if

lim
m→∞

||emiterative|| = lim
m→∞

||xm − x|| = 0 (7)
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where ||.|| denotes a vector norm. In this work, we will be using the L2 vector
norm defines as

||x||2 =

√√√√ n∑
j=1

|xi|2.

The following theorem provides necessary and sufficient conditions for iterative
convergence

Theorem 1 Let an iterative matrix be defined as (5) for the iterative system (2).
The sequence of iterative solutions {xm} converges to the direct solution x for all
initial values xo, if and only if the spectral radius of the iterative matrix S is less
than 1 in magnitude.

Spectral radius of a matrix is defined as the maximum of the magnitude
of its eigenvalues. We next discuss the proof of Theorem 1 followed by its for-
malization in the Coq proof assistant. It is noteworthy that while such proofs
have been discussed in numerical analysis literature, we found several miss-
ing pieces during the formalization. Most facts about intermediate steps in
the proof have just been stated in the numerical analysis literature without a
rigorous proof. We therefore spent considerable time developing those proofs
during our formalization. In that regard, a contribution of this work is to pro-
vide a clean machine-checked proof of the main theorem and any intermediate
lemma or fact that was required to close the proof of the Theorem 1.

3.1 Proof of Theorem 1

To prove Theorem 1, we first need to obtain a recurrence relation for the
iterative convergence error at mth step in terms of the initial iteration error
(xo − x). Therefore,

Proof

xm − x = −A−1
1 A2xm−1 +A−1

1 b− x

= −A−1
1 A2xm−1 +A−1

1 (Ax)− x [Ax
∆
= b]

= −A−1
1 A2xm−1 +A−1

1 (A1 +A2)x− x [A1 +A2 = A]

= −A−1
1 A2xm−1 +A−1

1 A1x+A−1
1 A2x− x

= −A−1
1 A2(xm−1 − x) [A−1

1 A1
∆
= I]

Taking norm of the vector on both sides, the iterative convergence error at the mth

step can be written in terms of the iterative convergence error at (m− 1)th step as

||xm − x|| = ||(−A−1
1 A2)(xm−1 − x)|| (8)

Since, the system is linear, equation (8) can be written in terms of the initial iteration
error as

||xm − x|| = ||(−A−1
1 A2)m(xo − x)|| (9)

�
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Taking limits of the vector norms on both sides of equation (9),

lim
m→∞

||xm − x|| = lim
m→∞

||(−A−1
1 A2)m(xo − x)|| (10)

If xo = x, the iterative convergence error is zero trivially. The case xo 6= x is
interesting and we can prove Theorem 1 by splitting it into two parts

1.

(∀xo, lim
m→∞

||(−A−1
1 A2)m(xo − x)|| = 0) ⇐⇒ lim

m→∞
||(−A−1

1 A2)m|| = 0

(11)
2.

lim
m→∞

||(−A−1
1 A2)m|| = 0 ⇐⇒ ρ(−A−1

1 A2) < 1 (12)

where ||(−A−1
1 A2)m|| is the matrix norm. We will be considering 2-norm of

matrix and its induced vector norm in our work. The quantity ρ(−A−1
1 A2) is

the spectral radius of the iteration matrix, S = (−A−1
1 A2) and is defined as

ρ(S) = max
i
{|λi(S)|},∀i = 0..N − 1

where λ(S)i is the ith eigenvalue of S. Therefore,

ρ(S) < 1 ⇐⇒ (∀i, i < N =⇒ |λi(S)|)

We next discuss the proofs of (11) and (12).

3.1.1 Proof of (11)

(Necessity): We need to prove that

lim
m→∞

||(−A−1
1 A2)m|| = 0 =⇒ (∀xo, lim

m→∞
||(−A−1

1 A2)m(xo − x)|| = 0)

Proof : Given xo,

lim
m→∞

||(−A−1
1 A2)m(xo − x)|| ≤ lim

m→∞
||(−A−1

1 A2)m|| ||xo − x||; [||Ax|| ≤ ||A||||x||]

=
(

lim
m→∞

||(−A−1
1 A2)m||

)(
lim
m→∞

||xo − x||
)

= 0; [since, lim
m→∞

||(−A−1
1 A2)m|| = 0]

�

(Sufficiency): We need to prove that

(∀xo, lim
m→∞

||(−A−1
1 A2)m(xo − x)|| = 0) =⇒ lim

m→∞
||(−A−1

1 A2)m|| = 0
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Proof : We start by unfolding the definition of the norm of the iterative matrix

||(−A−1
1 A2)m|| = sup

(xo−x)6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

(13)

Therefore, we need to prove that

lim
m→∞

(
sup

(xo−x) 6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

)
= 0 (14)

We can prove (14) by choosing an upper bound for the matrix norm in (13), proving
that the limit of this upper bound converges to zero and then applying the sandwich
theorem [26] for limits. We choose this upper bound as

∑
j<N ||(−A

−1
1 A2)mej ||, i.e.,

sup
(xo−x)6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

≤
∑
j<N

||(−A−1
1 A2)mej || (15)

where ej is the unit vector corresponding to a principal direction in the cartesian
coordinate system, i.e., ej = 1j . The vector 1j is a unit vector with the entry 1 in

the jth place and other entries in the vector being 0. Therefore,

lim
m→∞

(
sup

(xo−x)6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

)
≤ lim
m→∞

∑
j<N

||(−A−1
1 A2)mej ||

=⇒ lim
m→∞

(
sup

(xo−x) 6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

)
≤
∑
j<N

(
lim
m→∞

||(−A−1
1 A2)mej ||

)
We can quantify xo in the hypothesis with x + ej , ∀j, j < N . Therefore, ∀j, j < N ,
we have from the hypothesis,

lim
m→∞

||(−A−1
1 A2)ej || = 0

Thus, ∑
j<N

(
lim
m→∞

||(−A−1
1 A2)mej ||

)
= 0

We can then apply the sandwich theorem [26] for limits to prove that

lim
m→∞

(
sup

(xo−x) 6=0

||(−A−1
1 A2)m(xo − x)||
||xo − x||

)
= 0 (16)

�

We justify the choice of the upper bound in (15) in the following proof.

Proof : We can decompose the vector xo−x into its components along the principal
axes in the cartesian coordinate system as

xo − x =
∑
j<N

(xo − x)jej

Therefore,

(−A−1
1 A2)m(xo − x) =

∑
j<N

(−A−1
1 A2)m(xo − x)jej (17)

By taking a vector norm on both sides of (17),

||(−A−1
1 A2)m(xo − x)|| ≤ ||

∑
j<N

(−A−1
1 A2)m(xo − x)jej ||
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Using the triangle inequality property of the vector norm, we get

||(−A−1
1 A2)m(xo − x)|| ≤

∑
j<N

||(−A−1
1 A2)m(xo − x)jej || (18)

Since (xo− x) 6= 0, ||xo− x|| 6= 0. Hence, dividing by ||xo− x|| on both sides of (18),

||(−A−1
1 A2)m(xo − x)||
||xo − x||

≤
∑
j<N

||(−A−1
1 A2)m(xo − x)jej ||
||xo − x||

≤
∑
j<N

|(xo − x)j |
||xo − x||

||(−A−1
1 A2)mej ||

≤
∑
j<N

||(−A−1
1 A2)mej ||

�

Here, we first use the absolute homogenity property (||ax|| = |a|||x||, for
any scalar a and vector x) of the vector norm. Then we use the fact that

|(xo − x)j | ≤ ||xo − x||

3.1.2 Proof of (12)

(Sufficiency): We need to prove that

lim
m→∞

||(−A−1
1 A2)m|| = 0 =⇒ ρ(−A−1

1 A2) < 1

Proof : Since
ρ(−A−1

1 A2) = max
0≤i<n

|λi(−A−1
1 A2)|,

lim
m→∞

||(−A−1
1 A2)m|| = 0 =⇒ (∀i, 0 ≤ i < n, |λi| < 1)

Applying,
lim
m→∞

|λi|m = 0 =⇒ |λi| < 1, ∀i, 0 ≤ i < n

to the goal statement, we need to prove:

lim
m→∞

|λi|m = 0, ∀i, 0 ≤ i < n

under the hypothesis limm→∞ ||(−A−1
1 A2)m|| = 0. We now use the definition of an

eigensystem, i.e.,
(−A−1

1 A2)vi = λivi

where vi is an eigenvector corresponding to the eigenvalue λi. Therefore,

lim
m→∞

|λi|m = 0 =⇒ lim
m→∞

|λi|m||vi|| = 0

=⇒ lim
m→∞

||λmi vi|| = 0; [|λi|m = |λmi | ∧ |λ
m
i |||vi|| = ||λ

m
i vi||]

=⇒ lim
m→∞

||(−A−1
1 A2)mvi|| = 0; [(−A−1

1 A2)mvi = λmi vi] (19)

But the compatibility relation for vector and matrix norms dictates,

0 ≤ ||(−A−1
1 A2)mvi|| ≤ ||(−A−1

1 A2)m||||vi|| (20)
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Since, ||vi|| 6= 0 by definition of an eigensystem,

lim
m→∞

||(−A−1
1 A2)m|| = 0 =⇒ lim

m→∞
||(−A−1

1 A2)m||||vi|| = 0 (21)

We can then apply the sandwich theorem [26] to prove that

lim
m→∞

||(−A−1
1 A2)mvi|| = 0

�

(Necessity): We need to prove that

ρ(−A−1
1 A2) < 1 =⇒ lim

m→∞
||(−A−1

1 A2)m|| = 0.

Proof : To prove necessity, we obtain the Jordan decomposition of the iterative
matrix, S = (−A−1

1 A2). From the Jordan normal form theorem [5], we know that

there exists V, J ∈ Cn×n, V non-singular and J block diagonal such that:

S = V JV −1 (22)

with

J =


Jk1(λ1) 0 0 . . . 0

0 Jk2(λ2) 0 . . . 0
... . . .

. . . . . .
...

0 . . . 0 Jks−1
(λs−1) 0

0 . . . . . . 0 Jks(λs)

 ; Jki(λi) =


λi 1 0 . . . 0
0 λi 1 . . . 0
...

...
. . .

. . .
...

0 0 . . . λi 1
0 0 . . . 0 λi


where Jki(λi) is the Jordan block corresponding to the eigenvalue λi. Thus, Sm =

V JmV −1. Since J is block diagonal,

Jm =


Jmk1(λ1) 0 0 . . . 0

0 Jmk2(λ2) 0 . . . 0
... . . .

. . . . . .
...

0 . . . 0 Jmks−1
(λs−1) 0

0 . . . . . . 0 Jmks(λs)


Now, a standard result on the mth power of a ki × ki Jordan block states that, for
m ≥ ki − 1

Jmki (λi) =


λmi

(m
1

)
λm−1
i

(m
2

)
λm−2
i . . .

( m
ki−1

)
λm−ki+1
i

0 λmi
(m

1

)
λm−1
i . . .

( m
ki−2

)
λm−ki+2
i

...
...

. . .
. . .

...

0 0 . . . λmi
(m

1

)
λm−1
i

0 0 . . . 0 λmi


To prove that limm→∞ ||Sm|| = 0, we need to prove that limm→∞ ||Jm|| = 0, since
V is non-singular, i.e. ||V || 6= 0. Since the 2-norm of a matrix is bounded above by
the Frobenius matrix norm as: ||Jm||2 ≤ ||Jm||F , we can prove limm→∞ ||Jm||2 = 0
by proving limm→∞ ||Jm||F = 0. The Frobenius norm of matrix Jm is defined as:

||Jm||F
∆
=

√∑
i

∑
j

|(Jm)(i,j)|2
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Thus, we need to prove that

∀i j, lim
m→∞

|(Jm)(i,j)|
2 = 0 (23)

The zero entries of the Jordan block diagonal matrix tend to zero trivially. Since,
|λi| < 1, the diagonal elements of the Jordan block, Jmki (λi) tend to zero. Proving
that the off diagonal elements tend to zero is more difficult.

We have to prove that limm→∞
(m
k

)
|λi|m−k = 0, ∀k ≤ ki − 1. The function

f(m) =
(m
k

)
increases as m increases while the function g(m) = |λi|m−k decreases

as m increases since 0 < |λi| < 1. Informally, it can be argued that g(m) decreases
at a faster rate than the function f(m). Hence, the limit should tend to zero. But
proving it formally in Coq was challenging. We need to first bound the function f(m)

with a function h(m) = mk

k! to obtain a sequence, m
k

k! |λi|
m−k, for which it would be

easy to prove the limit. Therefore, we split the proof into proofs of two facts:

• (
m

k

)
≤ mk

k!
(24)

•

lim
m→∞

mk

k!
|λi|m−k = 0 (25)

An informal proof of the inequality (24) is available in Appendix B.

In order to prove limm→∞ mk

k! |λi|
m−k = 0, we use the ratio test for convergence

of sequences. The formalization of ratio test has not yet been done in Coq to our
knowledge. So, we formalized the ratio test since it provides an easier test for proving
convergence of sequences as compared to first bounding the function with an easier
function for which the convergence could be proved with the existing Coq libraries.
The process of bounding the function Γ(m) = f(m)g(m) with an easier function
to prove convergence was challenging for us due to the behavior of Γ(m). Using
plotting tools like Wolfram plot or MATLAB plot, we observed that for |λi| ≤ 0.5,
the function Γ(m) was monotonously decreasing, while for 0.5 < |λi| < 1, Γ(m)
increases first and then decreases. Moreover, the location of the maxima of Γ(m) in
the interval 0.5 < |λi| < 1 depends of the number of iterations. Hence, bounding
Γ(m) with a monotonously decreasing function is challenging for 0.5 < |λi| < 1. But
we know that Γ(m) decays eventually. For such scenarios, just comparing the terms
Γ(m+ 1) and Γ(m) provides a much simpler test for the convergence of the sequence
Γ(m). This is where ratio test for the convergence of sequence comes to rescue. The
ratio test for the convergence of sequences is stated as follows.

Theorem 2 [27] If (an) is a sequence of positive real numbers such that
limn→∞

an+1

an
= L and L < 1, then (an) converges and limn→∞ an = 0.

We provide an informal proof of Theorem 2 in the Appendix A. In our case, the

sequence an = nk|λi|n. Therefore, the ratio
an+1

an
=

(n+1)k|λi|n+1

nk|λi|n
. Therefore,

lim
n→∞

an+1

an
=

(n+ 1)k|λi|n+1

nk|λi|n

= lim
n→∞

(
1 +

1

n

)k
|λi|
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= |λi|

[
lim
n→∞

(
1 +

1

n

)k]

= |λi|
[

lim
n→∞

(
1 +

1

n

)]k
= |λi|

Therefore, L = |λi|, which we know is less than 1. Thus, we can apply Theorem 2
to prove that limn→∞ nk|λi|n = 0. Since k! and |λi|k are non zero constants,

limm→∞mk

k! |λi|
m−k = 0. �

3.2 Formalization in Coq

We state Theorem 1 in Coq as follows:

Theorem iter_convergence:
forall (n:nat) (A: ’ M[R]_n.+1) (b: ’ cV[R]_n.+1) (A1 A2 : ’ M[R]_n.+1),
A \in unitmx →
A1 \in unitmx →
A = A1 + A2 →
let x := (invmx A) ∗m b in

(let S_mat:= RtoC_mat (− ( A1ˆ−1 ∗m A2)) in

(forall (i: ’ I_n.+1), (C_mod (lambda S_mat i) < 1)%Re)) ↔
(forall x0: ’cV[R]_n.+1,

is_lim_seq (fun m:nat ⇒ vec_norm ((X_m m.+1 x0 b A1 A2) − x)) 0%Re).

Since we deal with a generic case where a real matrix is allowed to have complex
eigenvalues and eigenvectors, we also work in the complex field. RtoC mat

transforms a real matrix to a complex matrix so as to be consistent with types.
In mathcomp, a complex number is defined on top of a real closed field [28, 29].
Thus, given a real matrix A, RtoC mat transforms a real entry Aij : R to

a complex number Ãij : C := (Aij + i ∗ 0)%C. In Coq, we formally define
RtoC mat as follows:

Definition RtoC_mat (n:nat) (A: ’M[R]_n):’ M[complex R]_n :=
\matrix_(i<n, j<n) ((A i j) +i∗ 0)%C.

Let us now discuss the hypothesis of the theorem statement. The first hypoth-
esis states that the matrix A is invertible. Hence, there exists a unique solution
to the linear system Ax = b. We define this solution vector x in Coq using the
let binding

let x := (invmx A) ∗m b

where the mathcomp definition invmx defines the inverse of a matrix. The
hypothesis A = A1 + A2 corresponds to the definition (3). As discussed ear-
lier, we want the matrix A1 to be easily invertible so as to construct the
iterative matrix S = −(A−1

1 A2). The invertibility condition is stated by the
hypothesis

A1 \in unitmx
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We define the iterative solution after m steps, xm from the iterative system (2)
as

Fixpoint X_m (m n:nat) (x0 b: ’ cV[R]_n.+1) (A1 A2: ’ M[R]_n.+1) : ’ cV[R]_n.+1:=
match m with

| O ⇒ x0

| S p ⇒ ((− ((A1ˆ−1) ∗m A2)) ∗m (X_m p x0 b A1 A2)) + ((A1ˆ−1) ∗m b)
end.

We define the iterative matrix Smat in the let binding of the theorem statement
in Coq.

In our formalization of the iterative convergence, we rely on the existing
formalization of the Jordan canonical forms by Guillaume Cano and Maxime
Dénès [13]. We use their definition of eigenvalues of a matrix derived from the
roots of the characteristic polynomials of the Smith Normal form of a matrix
A. We first define a sequence of eigenvalues as the diagonal entries of Jordan
matrix.

Definition lambda_seq (n: nat) (A: ’M[complex R]_n.+1):=
let sizes:= size_sum

[ seq x.2.−1
| x ← root_seq_poly (invariant_factors A)] in

[ seq (Jordan_form A) i i | i ← enum ’I_sizes.+1].

root seq poly p returns a sequence of pair of roots and its multiplicity, of the
polynomial p. The invariant factors are the polynomials in the diagonal of
the Smith Normal form of a matrix. In this case, the sequence contains the
pair of eigenvalues of matrix A and its multiplicity. The Jordan form matrix
contains these eigenvalues in its diagonal which we extract using lambda seq.

The ith eigenvalue of a matrix A is then defined as the ith component of
the sequence of eigenvalues lambda seq.

Definition lambda (n: nat) (A: ’M[complex R]_n.+1) (i: ’I_n.+1) :=
(@nth _ 0%C (lambda_seq A) i).

To take full advantage of the lemmas describing eigenvalues and eigenvectors
as defined in mathcomp, we had to relate the definition of eigenvalue, lambda,
and the one defined in mathcomp. In mathcomp, an eigenvalue a, of a matrix A
is defined as a predicate

Definition eigenvalue : pred F := fun a ⇒ eigenspace a != 0.

stating that the eigenspace corresponding to this eigenvalue is non-zero.

Lemma Jordan_ii_is_eigen:
forall (n: nat) (A: ’ M[complex R]_n.+1),
forall (i: ’ I_n.+1),
@eigenvalue (complex_fieldType _) n.+1 A (@nth _ 0%C (lambda_seq A) i).

The lemma Jordan ii is eigen asserts that the lambda that we obtain from
the Jordan matrix of A is an eigenvalue of A using the eigenvalue predicate
in mathcomp.
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It should be noted that a square matrix A is assumed to be of size at
least 1. This design choice is justified by Cano and Dénès in [13]. A square
matrix only forms a ring when their size is convertible to the successor of an
integer [13]. The ring property of a square matrix was really helpful in the
formalization of diagonal block matrices by Cano and Dénès. Therefore, to use
their formalization of canonical forms, we also stick with denoting the type of
a complex matrix as ’M[complex R] n.+1. Here, we instantiate a generic ring
type with a complex ring type.

As discussed earlier in the section on informal proof, we split the proof
of the Theorem 1 into two sub proofs. The statement of these sub proofs are
formalized in Coq as:
(Part 1):

(forall x0: ’cV[R]_n.+1,
is_lim_seq (fun m : nat ⇒ vec_norm ((X_m m.+1 x0 b A1 A2) − x)) 0%Re) ↔
is_lim_seq (fun m:nat ⇒

(matrix_norm (RtoC_mat ((− (A1ˆ−1 ∗m A2))ˆ+m.+1) ))) 0%Re

(Part 2):

is_lim_seq (fun m:nat ⇒ matrix_norm

(RtoC_mat ((− ((A1ˆ−1 ∗m A2)))ˆ+m.+1 ))) 0%Re ↔
(let S_mat := RtoC_mat (− (A1ˆ−1 ∗m A2)) in

forall i : ’ I_n.+1, (C_mod (lambda S_mat i) < 1)%Re)

We have used the is lim seq predicate from the Coquelicot [9] library to
define the limits for the sequence of solution vectors xm converging to x.

For the proof of the fact in the forward direction in Part 1, we prove the
following lemma in Coq

Lemma lim_max: forall (n:nat) (A: ’M[R]_n.+1) (x: ’ cV[R]_n.+1),
(forall x0: ’cV[R]_n.+1,
let v:= x0 − x in

let vc:= RtoC_vec v in

is_lim_seq (fun m: nat ⇒ vec_norm_C ((RtoC_mat (Aˆ+m.+1)) ∗m vc)) 0%Re) →
is_lim_seq (fun m:nat ⇒ matrix_norm (RtoC_mat (Aˆ+m.+1))) 0%Re.

The lemma lim max corresponds to the proof of (16). As discussed earlier, to
prove lim max, an important step was to decompose the vector xo− x into its
components along the principal axis of the Cartesian coordinate system. We
prove this fact in Coq using the following lemma statement

Lemma base_exp: forall (n:nat) (x: ’cV[complex R]_n.+1),
x = \big[+%R/0]_(i < n.+1) (x i 0 ∗: e_i i).

where we defined the principal unit vector e i i in Coq as

Definition e_i {n:nat} (i: ’I_n.+1): ’cV[complex R]_n.+1 :=
\col_(j < n.+1) (if (i= =j :> nat) then (1 +i∗ 0)%C else (0 +i∗ 0)%C).

To prove the sufficiency in part 2, we had to prove the following lemma:

Lemma is_lim_seq_geom_nec (q:R):
is_lim_seq (fun n ⇒ (q ˆ n.+1)%Re) 0%Re → Rabs q <1.
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While a lemma exists for other direction in the Coquelicot [9] formalization
of limits, lemma is lim seq geom nec was missing.

As discussed earlier, to prove sufficiency condition for iterative convergence,
we had to formalize the ratio test for convergence of sequences which was
missing in the existing Coq libraries. In Coq, we state Theorem 2 as:

Lemma ratio_test: forall (a: nat → R) (L:R),
(0 < L ∧ L < 1) →
(forall n:nat, (0 < a n)%Re) →
(is_lim_seq ( fun n:nat ⇒ ((a (n.+1))/(a n))%Re) L) →
is_lim_seq (fun n: nat ⇒ a n) 0%Re.

We then use the lemma ratio test to formally prove

lim
m→∞

(m+ 1)kxm+1 = 0

which we state in Coq as:

Lemma lim_npowk_mul_to_zero: forall (x:R) (k:nat),
(0 < x)%Re → Rabs x < 1 →
is_lim_seq (fun m:nat ⇒ ((m.+1)%:Rˆk ∗ xˆ m.+1)%Re) 0%Re.

To bound the binomial coefficient
(
m
k

)
with mk

k! , we formally state the
inequality (24) as follows

Lemma choice_to_ring_le: forall (n k:nat), (0<n)%N → (k<=n)%N →
(’C(n,k)%:R <= (n%:Rˆ+k / (k‘!)%:R) :> complex R) .

Since the inequality holds in a complex field, we have to first convert the
complex inequality to a real inequality. This was possible using the existing
formalization of complex fields in mathcomp. Since the choice function and the
factorials are naturals in Coq, we then define a lemma which proves that if
the inequality holds for naturals, the inequality also holds in real field after a
coercion is defined from naturals to reals. In Coq, we formalize the lemma as:

Lemma nat_ring_mn_le: forall (m n:nat), (m<= n)%N → (m%:R <= n%:R)%Re.

Applying the lemma nat ring mn le, we obtain the following inequality((
n

k

)
≤ nk

k!

)
%N (26)

It should be noted that the division in (26) is an integer division. The inequal-
ity (26) can easily be proved as discussed in the previous section. However, to
use the inequality (26) in the proof of lemma choice to ring le, one needs
to be careful with converting an integer division to a real division.

To prove that each element of the Jordan block matrix converges to zero
as in equation (23), we prove the following lemma in Coq

Lemma each_entry_zero_lim:
forall (n:nat) (A: ’ M[complex R]_n.+1),
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let sp := root_seq_poly (invariant_factors A) in

let sizes := [seq x0.2.−1 | x0 ← sp] in
forall i j: ’ I_(size_sum sizes).+1,
(forall i: ’I_(size_sum sizes).+1 ,

(C_mod (@nth _ (0 +i∗ 0)%C (lambda_seq A) i) < 1)%Re ) →
is_lim_seq

(fun m: nat ⇒
(C_mod (diag_block_mx sizes

(fun n0 i1 : nat ⇒
\matrix_(i2, j0)
((’ C(m.+1, j0 − i2))%:R ∗
(nth (0, 0%N) (root_seq_poly (invariant_factors A)) i1).1 ˆ+
(m.+1 − (j0 − i2)) ∗+ (i2 <= j0))) i j)) ²) 0%Re.

The lemma each entry zero lim states that if the magnitude of each eigen-
value of a matrix A is less than 1, i.e., |λi(A)| < 1, ∀i, 0 ≤ i < N , then the
limit of each term in the expanded Jordan matrix is zero as m approaches
∞. Here, the block diagonal matrix diag block mx takes an expanded Jordan
block Jmki (λi),∀i, 0 ≤ i < N and constructs the Jordan matrix Jm. We then
take a modulus of each entry of Jm and prove its limit being zero as m→∞.

A key challenge we faced when proving the above lemma was extracting
each Jordan block of the diagonal block matrix. The diagonal block matrix
is defined recursively over a function which takes a block matrix of size µi
denoting the algebraic multiplicity of each eigenvalues λi. We had to carefully
destruct this definition of diagonal block matrix and extract the Jordan block
and the zeros on the off-diagonal entries. We can then prove the limit on this
Jordan block by exploiting its upper triangular structure.

We state the lemma to extract a Jordan block from the block diagonal
matrix as follows:

Lemma diag_destruct (R: ringType)
(s : seq nat) (F : (forall n, nat → ’M[R]_n.+1)):
forall i j: ’ I_(size_sum s).+1,
(exists k l m n,

(k <= size_sum s)%N ∧ (l <= size_sum s)%N ∧
(forall p:nat, (diag_block_mx s (fun k l:nat ⇒ (F k l)ˆ+ p.+1)) i j =

((F k l)ˆ+ p.+1) m n) ∧
(diag_block_mx s F i i = (F k l) m m)) ∨
(forall p:nat, (diag_block_mx s (fun k l:nat ⇒ (F k l)ˆ+ p.+1)) i j = 0).

where size sum is the sum of the algebraic multiplicities of the eigenvalues
and equals the total size of the matrix n. We prove this fact using the following
lemma statement in Coq

Lemma total_eigen_val: forall (n:nat) (A: ’M[complex R]_n.+1),
(size_sum [seq x.2.−1 | x ← root_seq_poly (invariant_factors A)]).+1 = n.+1.

The lemma total eigen val helps us get around the dimension constraint
imposed by the design of the Jordan form of a matrix A. Limits of the off-
diagonal elements can then be trivially proven to zero. This completes the
proof of sufficiency condition for convergence of iterative convergence error.
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We will next discuss an example problem that we instantiate our iterative
convergence theorem with.

4 Example problem

In our work, the linear differential equation Au = f that we chose was d2u
dx2 = 1

for x ∈ (0, 1) and the boundary conditions being u(0) = u(1) = 0. Here,

the differential operator A is d2

dx2 , and f is the constant function 1. We chose
a uniform grid with N points in the interior of the 1D domain. The grid
has a uniform spacing h. We will be using a central difference scheme [19]
for discretizing the differential equation. Therefore, the difference equation at
point xi in the interior of the 1D domain is given by

−u(xi+1) + 2u(xi)− u(xi−1)

h2
= −1; h = xi+1 − xi =

1

N + 1
(27)

When we stack the equation (27) for all points in the interior of the 1D domain,
we get a linear matrix system

1

h2


2 −1 0 0 0 . . . 0
−1 2 −1 0 0 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 0 −1 2 −1
0 . . . 0 0 0 −1 2


︸ ︷︷ ︸

A


u1

u2

...
uN − 1
uN


︸ ︷︷ ︸

x

=


−1
−1
...
−1
−1


︸ ︷︷ ︸

b

(28)

Here, A is the coefficient matrix, b is the data vector and x is the unknown
solution vector, which can be exactly obtained by inverting the matrix A,
i.e., x = A−1b. But, we will obtain an approximation of x using iterative
algorithms. In the next couple of sections, we will discuss two classical iterative
methods: Gauss–Seidel and Jacobi iteration. We will instantiate these classical
iterative algorithms with this example problem and apply Theorem 1 to prove
convergence of the approximate solutions, obtained using these algorithms, to
the exact solution.

5 Gauss–Seidel iteration

The Gauss–Seidel iterative method is an instance of iterative methods to solve
the system of linear equations Ax = b or

∑n
j=1Aijxj = bi, ∀i = 1..n, using

the following update formula

xm+1
i =

1

Aii

(
bi −

i−1∑
j=1

Aijx
m+1
j −

n∑
j=i+1

Aijx
m
j

)
, i = 1, 2, . . . , n. (29)
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where xm+1
i is the value of xi after m + 1 iterations, and xmi is the value of

xi after m iterations. From equation (29), we can construct matrix A1 and A2

as [5]:

(A1)ij =

{
Aij if i ≥ j
0 if i < j

; (A2)ij =

{
Aij if i < j

0 if i ≥ j
(30)

The following theorem by Reich [30] provides a criteria the convergence of the
Gauss–Seidel iterative method.

Theorem 3 [30] If A is real, symmetric nth-order matrix with all terms on its
main diagonal positive, then a sufficient condition for all the n characteristic roots
of (−A−1

1 A2) to be smaller than unity in magnitude is that A is positive definite.

From an application point of view, only the sufficiency condition is impor-
tant. This is because to apply Theorem (1), we only need to know that the
magnitude of the eigenvalues are less than 1. Thus, to prove the convergence
of Gauss–Seidel iteration, we first apply Theorem 1 to get the eigenvalue con-
dition in the goal and then apply Theorem 3 to complete the proof. Since
computing eigenvalues are not very trivial in most cases, the positive definite
property of the matrix A provides an easy test for |λ| < 1 for Gauss–Seidel
iteration matrix. The proof of necessity uses an informal topological argument
that would be difficult to formalize. Therefore, it is enough to just formalize
the sufficiency condition.

Next we present an informal proof [30] followed by its formalization in the
Coq proof assistant.

Proof Let zi be the ith characteristic vector of −(A−1
1 A2) corresponding to the

characteristic root µi. Then

− (A−1
1 A2)zi = µizi (31)

Multiplying by −(z̄i
′A1) on both sides,

(−z̄i′A1)(−A−1
1 A2)zi = −µiz̄i′A1zi (32)

where z̄i
′ is the conjugate transpose of zi obtained by taking the conjugate of each

element of zi followed by transpose of the vector. Equation (32) then simplifies to:

z̄i
′A2zi = −µiz̄i′A1zi; [A1A

−1
1 = I] (33)

Consider the bi-linear form, z̄i
′Azi,

z̄i
′Azi = z̄i

′(A1 +A2)zi = z̄i
′A1zi+ z̄i

′A2zi = z̄i
′A1zi−µiz̄i′A1zi = (1−µi)z̄i′A1zi

(34)
Taking conjugate transpose of equation (34) on both sides,

z̄i
′Azi = (1− µ̄i)z̄i′A′1zi (35)

Let D be the diagonal matrix defined as:

Dij =

{
Aij if i = j

0 if i 6= j
(36)
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It can be shown that
A′1 = D +A2 (37)

Substituting equation (37) in equation (35),

z̄i
′Azi = (1− µ̄i)z̄i′(D +A2)zi

= (1− µ̄i)z̄i′Dzi + (1− µ̄i)z̄i′A2zi = (1− µ̄i)z̄i′Dzi +
(1− µ̄i)
1− µi

z̄i
′Azi (38)

Simplifying equation (38),

(1− µ̄iµi)z̄i′Azi = (1− µ̄i)(1− µi)z̄i′Dzi (39)

But, µ̄iµi = |µi|2 and (1− µ̄i)(1−µi) = |1−µi|2 Hence, equation (39) simplifies to,

(1− |µi|2)z̄i
′Azi = (|1− µi|2)z̄i

′Dzi (40)

Since, the diagonal elements of A is positive, i.e., Aii > 0, z̄i
′Dzi is positive definite,

i.e., z̄i
′Dzi > 0. Since z̄i

′Dzi > 0 and z̄i
′Azi > 0, |µi| < 1. �

Formalization in Coq

The Theorem 3 is formalized in Coq as follows:

Theorem Reich_sufficiency: forall (n:nat) (A: ’M[R]_n.+1),
(forall i:’I_n.+1, A i i > 0) →
(forall i j:’I_n.+1, A i j = A j i) →
is_positive_definite A →
(let S:= oppmx (mulmx (RtoC_mat (invmx (A1 A))) (RtoC_mat (A2 A))) in

(forall i: ’I_n.+1, C_mod (lambda S i) < 1)).

where positive definiteness of a complex matrix A is defined as:

∀x ∈ Cn×1, Re [x∗Ax] > 0

x∗ is the complex conjugate transpose of vector x and Re [x∗Ax] is the real
part of the complex scalar x∗Ax. We defined is positive definite in Coq
as:

Definition is_positive_definite (n:nat) (A: ’M[R]_n.+1):=
forall (x: ’ cV[complex R]_n.+1), x != 0 →
Re (mulmx (conjugate_transpose x) (mulmx (RtoC_mat A) x) 0 0) >0.

We compared our definition of a positive definite matrix with a related work
from Pierre Roux [31]. While their work define positive definiteness for a real
matrix, ours define it for a complex matrix. The definitions however are similar.
The hypothesis

forall i:’I_n.+1, A i i > 0

states that all terms in the main diagonal of A are positive. The hypothesis

forall i j:’I_n.+1, A i j = A j i
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states that the matrix A is symmetric.
We can then apply the theorem iterative convergence with

Reich sufficiency to prove convergence of the Gauss–Seidel iteration
method. We formalize the convergence of the Gauss–Seidel iteration method
in Coq as

Theorem Gauss_Seidel_converges:
forall (n:nat) (A: ’ M[R]_n.+1) (b: ’ cV[R]_n.+1),
let x:= (invmx A) ∗m b in

A \in unitmx →
(forall i : ’ I_n.+1, 0 < A i i) →
(forall i j : ’ I_n.+1, A i j = A j i) →
is_positive_definite A →
(forall x0: ’cV[R]_n.+1,

is_lim_seq (fun m:nat ⇒
vec_norm (addmx (X_m m.+1 x0 b (A1 A) (A2 A)) (oppmx x))) 0%Re).

We next demonstrate the convergence of the Gauss–Seidel iteration on the
example (28). We choose N = 1. Thus, we have a symmetric tri-diagonal
coefficient matrix of size 3 × 3, which we will denote as AGS . To show that
iterative system for the system AGSx = b converges, we need to show that
AGS is positive definite. In Coq, we prove that AGS is positive definite as the
following lemma statement

Lemma Ah_pd: forall (h:R), (0<h)%Re → is_positive_definite (Ah 2%N h).

Proving that AGS is positive definite by definition for a generic N is tedious
and does not add much to our line of argument. Hence, we chose to do it for
AGS of size 3×3. One can perform the exercise for any choice of N and get the
same result. The statement of convergence of Gauss–Seidel iteration method
for the 3× 3 matrix is stated in Coq as

Theorem Gauss_seidel_Ah_converges:
forall (b: ’ cV[R]_3) (h:R),
(0 < h)%Re →
let A := (Ah 2%N h) in

let x:= (invmx A) ∗m b in

forall x0: ’cV[R]_3,
is_lim_seq (fun m:nat ⇒
vec_norm (addmx (X_m m.+1 x0 b (A1 A) (A2 A)) (oppmx x))) 0%Re.

This closes the proof of the convergence of Gauss–Seidel iteration for the
example problem.

6 Jacobi iteration

The Jacobi method is another instance of iterative methods to solve the system
of linear equations Ax = b or

∑n
j=1Aijxj = bi, ∀i = 1..n by successive

approximations. We solve for the values xi at the mth iteration, by keeping
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the other elements of the vector x fixed at the value obtained after m − 1
iterations. This gives us the following update formula [5]:

xi,m =
bi −

∑
j 6=iAijxj,m−1

Aii
(41)

Comparing the system of equations (41) with the iterative system (2), we can
define the matrix A1 and A2 as [5]:

(A1)ij =

{
Aij if i = j

0 otherwise
; (A2)ij =

{
Aij if i 6= j

0 otherwise
(42)

The iterative matrix SJ , would then be:

SJ
∆
= −A−1

1 A2 = −D−1(A−D) = I −D−1A (43)

where D is the diagonal matrix, L is strictly lower triangular matrix and U is
strictly upper triangular matrix of A. Therefore, for the Jacobi method, the
Theorem 1 would be stated as:

Theorem 4 Let the Jacobi iterative matrix be defined as in (43) for the iterative
system (2). The sequence of iterative solutions {xm} converges to the direct solution
x if and only if the spectral radius of the iterative matrix (43), ρ(I −D−1A) is less
than 1.

We will now formally prove the convergence of the Jacobi iteration for the
example problem (28). We choose N = 1, thereby obtaining a 3 × 3 matrix
system, like we did for the Gauss–Seidel iteration. However, the Jacobi matrix,
AJ , that we will consider will be a negation of the coefficient matrix, A in (28).
We essentially shift the negation to the right hand side of (28). The reason
we do this is that, to define the explicit form of eigenvalues of the Jacobi
matrix for the example problem (28), we need to take the square root of
the off-diagonal elements of AJ . In Coq, the square root definition of a real
number has a precondition that the real number must be non-negative. Thus,
we require the off-diagonal elements of AJ to be non-negative. This does not
change the problem in consideration, but transforms it into a form that is easy
to formalize in Coq.

The eigenvalues of I−D−1AJ would then be 1+ h2

2 λ(AJ). For a tri-diagonal
matrix with a on the lower diagonal, b on the diagonal and c on the upper
diagonal entries, λi(AJ) is defined as

λi(AJ) = b+ 2
√
ac

[
cos

(
mπ

N + 1

)]
, 0 ≤ i < N, 1 ≤M ≤ N (44)
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For the matrix AJ , b = − 2
h2 , a = c = 1

h2 .

λi(A) = − 2

h2
+ 2

1

h2

[
cos

(
mπ

N + 1

)]
=
−2

h2

[
1− cos

(
mπ

N + 1

)]
(45)

Hence,

|λi(SJ)| =
∣∣∣∣1 +

h2

2
λi(AJ)

∣∣∣∣ =

∣∣∣∣cos

(
mπ

N + 1

)∣∣∣∣ (46)

Thus, to prove the convergence of the Jacobi iteration for this example, we
need to prove that ∣∣∣∣cos

(
mπ

N + 1

)∣∣∣∣ < 1 (47)

Formalization in Coq

In Coq, we formalized the condition (47) as:

Theorem eig_less_than_1:
forall (n:nat) (i: ’ I_n.+1) (h:R),
(0 < h)%Re → (0 < n)%N → (C_mod (lambda_J i n h) < 1)%Re.

where the eigenvalues of the iterative matrix SJ is defined as below:

Definition lambda_J (m N:nat) (h:R) :=
(b N h) + 2∗ sqrtc(p N h)∗ RtoC (cos((m.+1%:R ∗ PI)∗/ N.+2%:R)).

In Coq the natural numbers start from 0, hence we increment m and N by
one as compared to the formula (44).

Since the above definition of eigenvalues hold for a tri-diagonal matrix,
we formally prove that SJ = I −D−1AJ , thereby preserving the tri-diagonal
structure of AJ . This is stated in Coq as:

Lemma S_mat_simp: forall (n:nat) (h:R), (0<h)%Re →
S_mat_J n h = RtoC_mat (addmx 1%:M (oppmx (mulmx (invmx (A1_J n h)) (Ah n h)))).

where RtoC mat is a coercion from a real to a complex matrix as discussed
earlier. This lemma holds for 0 < h. This condition is required since h denotes
the discretization step size i.e. h = xi+1 − xi.

Since λi(SJ) is in general complex, to prove (47), we need to prove that the
real part of λi(SJ) is equal to the the eigenvalue of AJ . We prove this formally
in Coq as the following lemma:

Lemma lambda_simp: forall (m N:nat) (h:R), (0<h)%Re → (0< N)%N →
Re (lambda_J m N h) = (1 + ((hˆ2)/2) ∗Lambda_Ah m N h))%Re.

where Lambda Ah m N h is the mth eigenvalue of the matrix AJ . The hypoth-
esis 0 < N is a constraint on the number of internal points in the domain. The
equation (27) dictates that there must be at least one point in the interior.

One of the requirements of defining an iterative system is that the matrix
A1 be invertible. We prove this formally in Coq for this example as the
following lemma statement:
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Lemma A1_invertible: forall (n:nat) (h:R), (0<h)%Re → A1_J n h \in unitmx.

To prove the above lemma, we have to directly prove that A1A
−1
1 = I. This is

stated in Coq as the following lemma statement:

Lemma invmx_A1_mul_A1_1:forall (n:nat) (h:R),
(0<h)%Re → A1_J n h ∗m invmx (A1_J n h) = 1%:M.

Since A1 is a diagonal matrix, we can obtain a direct formulation of the inverse
of A1. This is stated in Coq as the following lemma statement:

Lemma invmx_A1_J: forall (n:nat) (h:R), (0<h)%Re →
invmx (A1_J n h) = ((−(hˆ+2)/2) ∗: 1%:M)%Re.

The lemma invmx A1 J was the last piece in the puzzle to complete the proof
of invertibility of A1. We apply the Theorem 1 to the 3× 3 example to prove
convergence of Jacobi iteration matrix on this example.

Theorem Jacobi_converges: forall (b: ’cV[R]_3) (h:R),
(0 < h)%Re →
let A := (Ah 2%N h) in

let x := (invmx A) ∗m b in

(forall x0: ’cV[R]_3,
is_lim_seq (fun m:nat ⇒
vec_norm (addmx (X_m m.+1 x0 b (A1_J 2%N h) (A2_J 2%N h)) (oppmx x))) 0%Re).

Here, we instantiate the eigenvalue lambda with the lambda J using

Hypothesis Lambda_eq: forall (n:nat) (h:R) (i: ’I_n.+1),
let S_mat :=
RtoC_mat

(oppmx (invmx (A1_J n h) ∗m A2_J n h)) in

lambda S_mat i = lambda_J i n h.

We further formally prove that lambda J is an eigenvalue of the Jacobi matrix,
AJ , using the eigenvalue predicate in mathcomp.

Lemma lambda_J_is_an_eigenvalue:
forall (h:R),
(0 < h)%Re →
let S_mat := RtoC_mat (oppmx (invmx (A1_J 2 h) ∗m A2_J 2 h)) in

(forall i: ’I_3,
@eigenvalue (complex_fieldType _) 3%N S_mat (lambda_J i 2%N h)).

This closes the proof of iterative convergence for Jacobi iteration on the
example problem.

7 Formalizing properties of complex numbers,
complex matrices and vectors

While there exist a rich formalization of real analysis, linear algebra, finite sets
and sequences in Coq, generic properties about complex vectors and matrices
were lacking. In this section, we will discuss about how we addressed these
gaps in our formalization.
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7.1 Formalizing properties of complex matrices and
vectors

The complex theory in the real closed [28] library in mathcomp define com-
plex numbers and basic operations on them. They define complex numbers
as a real closed field, thereby allowing us to instantiate a generic field with
a complex field. This was useful when we used the eigenvalue definition
from mathcomp matrix algebra library and the canonical forms library by
Cano et al [13]. However, since the basic properties like modulus of a complex
number, conjugates, properties of complex matrices and vectors were lacking,
we added them in our formalization.

We provided the definition of the modulus of a complex number in
Section 2. We proved some basic properties of the modulus, which we enumer-
ate in Table 1. The complex theory in mathcomp defines the conjugate x̄ of a
complex number x as

Definition conjc {R : ringType} (x : R[i]) := let: a +i∗ b := x in a −i∗ b.

The Table 2 lists the missing formalization of complex conjugates that we
added for this formalization.

We define the conjugate transpose of a complex matrix in Coq as

Definition conjugate_transpose (m n:nat) (A: ’M[complex R]_(m,n)):=
transpose_C (conjugate A).

where transpose C is the transpose of a complex matrix, which we define in
Coq as

Definition transpose_C (m n:nat) (A: ’M[complex R]_(m,n)):=
\matrix_(i<n,j<m) A j i.

and conjugate is the conjugate of a rectangular matrix. In Coq,

Definition conjugate (m n:nat) (A: ’M[complex R]_(m,n)):=
\matrix_(i<m,j<n) conjc (A i j).

The lemma

Lemma conj_scal_mat_mul:
forall (m n : nat) (l:complex R) (x: ’ M[complex R]_(m,n)),
conjugate_transpose (scal_mat_C l x) =
scal_mat_C (conjc l) (conjugate_transpose x).

proves the scaling property of a complex matrix, A

(lA)T = l̄(Ā)T

Lemma conj_matrix_mul :
forall (m n p:nat) (A: ’ M[complex R]_(m,p)) (B: ’ M[complex R]_(p,n)),
conjugate_transpose (mulmx A B) = mulmx

(conjugate_transpose B) (conjugate_transpose A).
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Table 1 Formalization of properties of complex modulus in Coq

Mathematical properties Formalization in Coq

||0|| = 0 Lemma C_mod_0: C_mod 0 = 0%Re.

0 ≤ ||x|| Lemma C_mod_ge_0:
forall (x: complex R), (0<= C_mod x)%Re.

||xy|| = ||x|| ||y|| Lemma C_mod_prod: forall (x y: complex R),
C_mod (x ∗ y) = C_mod x ∗ C_mod y.

||x
y
|| = ||x||

||y|| , y 6= 0
Lemma C_mod_div: forall (x y: complex R),
y <> 0 →
C_mod (x / y) = (C_mod x) / (C_mod y).

||x|| 6= 0, if. x 6= 0 Lemma C_mod_not_zero: forall (x: complex R),
x <> 0 → C_mod x <> 0.

||1|| = 1 Lemma C_mod_1: C_mod 1 = 1.

||xn|| = ||x||n Lemma C_mod_pow: forall (x: complex R) (n:nat),
C_mod (xˆ+ n) = (C_mod x)ˆ+n.

||x + y|| ≤ ||x||+ ||y|| Lemma C_mod_add_leq : forall (a b: complex R),
C_mod (a + b) <= C_mod a + C_mod b.

|| 1
x
|| = 1

||x|| , if x 6= 0 Lemma C_mod_inv : forall x : complex R,
x <> 0 → C_mod (invc x) = Rinv (C_mod x).

||xy||2 = ||x||2||y||2
Lemma C_mod_sqr: forall (x y : complex R),
Rsqr (C_mod (x ∗ y)) =
(Rsqr (C_mod x)) ∗ (Rsqr (C_mod y)).

|| − x|| = ||x|| Lemma C_mod_minus_x: forall (x: complex R),
C_mod (−x) = C_mod x.

||
∑n

j=0 u(j)|| ≤
∑n

j=0 ||u(j)||

Lemma C_mod_sum_rel:
forall (n:nat) (u : ’ I_n.+1 → (complex R)),

(C_mod (\big[+%R/0]_j (u j))) <=
\big[+%R/0]_j ((C_mod (u j))).

The lemma conj matrix mul states that the conjugate transpose of the prod-
uct of matrices A and B equals the product of conjugate transpose of the
matrices, i.e., AB = B̄Ā.

Lemma conj_of_conj: forall (m n:nat) (x: ’M[complex R]_(m,n)),
conjugate_transpose (conjugate_transpose x) = x.

The lemma conj of conj states the idempotent property of the conjugate
transpose of a complex vector, v, i.e., v = v.

7.2 Formalization of vector and matrix norms

Another missing piece in the existing formalization was norm of a vector and
a matrix. We provided a formal definition of the norm of a complex matrix
and vector in Section 2.
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Table 2 Formalization of properties of complex conjugates in Coq

Mathematical properties Formalization in Coq

xy = x̄ ȳ Lemma Cconj_prod: forall (x y: complex R),
conjc (x∗y)%C = (conjc x ∗ conjc y)%C.

x + y = x̄ + ȳ Lemma Cconj_add: forall (x y: complex R),
conjc (x+y) = conjc x + conjc y.

||x|| = ||x̄|| Lemma Cconjc_mod: forall (a: complex R),
C_mod a = C_mod (conjc a).

x = ¯̄x Lemma conj_of_conj_C: forall (x: complex R),
x = conjc (conjc x).

x̄x = ||x||2 Lemma conj_prod: forall (x:complex R),
((conjc x)∗x)%C = RtoC (Rsqr (C_mod x)).

Re[x] + Re[x̄] = 2Re[x] Lemma Re_conjc_add: forall (x: complex R),
Re x + Re (conjc x) = 2 ∗ (Re x).

∑n
j=0 f(i) =

∑n
j=0 f(i)

Lemma Cconj_sum: forall (p:nat) (x: ’I_p → complex R),
conjc (\big[+%R/0]_(j < p) x j)=
\big[+%R/0]_(j < p) conjc (x j).

Here, RtoC is a coercion from reals to complex.

In Table 3 and Table 4, we enumerate the properties of matrix and vector
norms that we formalized. An important point to note here is that since we
are using the Coquelicot definition of an extended real line, Rbar, coercion of
a quantity of type Rbar to real requires us to prove finiteness of that quantity.
We therefore have to prove that the matrix norm is finite, which we state as
the following lemma in Coq

Lemma matrix_norm_is_finite: forall (n:nat) (A: ’M[complex R]_n.+1),
is_finite (matrix_norm A).

In Coq, we define the Frobenius matrix norm as

Definition mat_norm (n:nat) (A: ’M[complex R]_n.+1) : R:=
sqrt (\sum_i (\sum_j (Rsqr (C_mod (A i j))))).
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Table 3 Formalization of properties of matrix norm in Coq

Mathematical properties Formalization in Coq

0 ≤ ||A||i
Lemma matrix_norm_ge_0:
forall (n:nat) (A: ’ M[complex R]_n.+1),
(0 <= matrix_norm A)%Re.

||Ax|| ≤ ||A||i||x||, x 6= 01

Lemma matrix_norm_compat:
forall (n:nat) (x: ’ cV[complex R]_n.+1)
(A: ’ M[complex R]_n.+1),
x != 0 →
vec_norm_C (mulmx A x) <=
((matrix_norm A) ∗ vec_norm_C x)%Re.

||AB||i ≤ ||A||i||B||i

Lemma matrix_norm_prod:
forall (n:nat) (A B: ’ M[complex R]_n.+1),
(matrix_norm (A ∗m B) <=
(matrix_norm A) ∗ (matrix_norm B))%Re.

0 ≤ ||A||i ≤ ||A||F 2
Lemma mat_2_norm_F_norm_compat:
forall (n:nat) (A: ’ M[complex R]_n.+1),
(0 <= matrix_norm A <= mat_norm A)%Re.

1Here, x is a vector and the relation proves compatibilty relation between a matrix
norm and its induced vector norm.
2Here, ||A||F is the Frobenius norm and we prove that the 2-norm of a matrix is
bounded above by the Frobenius matrix norm. The Frobenius norm of a matrix
is defined as

||A||F =

√√√√ n∑
j=1

n∑
j=1

|Aij |2

8 Conclusion and Future work

In this work we formalized the iterative convergence error. We formalized the
necessary and sufficient conditions for the convergence of a sequence of iter-
ative solutions {xm} to the direct solution x of the original linear system
Ax = b. To prove convergence, one needs to construct an iterative matrix

S
∆
= A−1

1 A2 and prove that the magnitude of its eigenvalues is less than 1. The
definitions of matrices A1 and A2 depend on the choice of iterative methods.
In this paper, we provide a detailed proof, especially for the convergence of
the Jordan block diagonal matrix for the magnitude of eigenvalues less than 1.
In our formal proof we clarify some details regarding this convergence. In this
work, we particularly looked at the Gauss–Seidel iterative process. We then
formalized the Reich theorem which guarantees iterative convergence if the
original matrix A is positive definite. We then instantiated the Gauss–Seidel
iteration with an example and applied the iterative convergence and the Reich
theorem to prove convergence on this example. We also proved the conver-
gence of the Jacobi iterative process for the same example problem. During our
formalization, we develop a library in Coq to deal with complex vectors and
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Table 4 Formalization of properties of vector norm in Coq

Mathematical properties Formalization in Coq

0 ≤ ||v||
Lemma vec_norm_C_ge_0:
forall (n:nat) (v: ’ cV[complex R]_n.+1),

(0<= vec_norm_C v)%Re.

||av|| = |a| ||v||, a is scalar

Lemma ei_vec_ei_compat: forall (n:nat)
(x:complex R) (v: ’ cV[complex R]_n.+1),
vec_norm_C (scal_vec_C x v) =
C_mod x ∗ vec_norm_C v.

||v1 + v2|| ≤ ||v1||+ ||v2||

Lemma vec_norm_add_le:
forall (n:nat) (v1 v2 : ’ cV[complex R]_n.+1),
vec_norm_C (v1 + v2) <=
vec_norm_C v1 + vec_norm_C v2.

v 6= 0 =⇒ ||v|| 6= 01
Lemma non_zero_vec_norm: forall (n:nat)
(v: ’ cV[complex R]_n.+1),
vec_not_zero v → (vec_norm_C v <> 0)%Re.

1vec not zero is Coq’s definition of v 6= 0.

matrices. We defined absolute values of complex numbers, common properties
of complex conjugates and operations on conjugate matrices and vectors. This
development leverages the existing formalization [28, 29] of complex numbers
and matrices in mathcomp. The overall length of the Coq code and proofs is
about 8.5k lines of code. It took us about 8 person-months of full time work
for the entire formalization.

As an extension to this work, we are working on incorporating the effect of
floating-point arithmetic on the iterative convergence. We plan on using the
tools VCFloat [32] and VST [33] to generate proof obligations in Coq to prove
that the actual implementation of iterative algorithms obey the high level
specifications. Another possible direction would be to extend the formalization
to deal with advanced iterative process like Krylov space methods and other
complicated differential equation solvers. In this work we looked at the linear
differential equations. In future work, we would like to also look at non-linear
conditions and systems. Most physical systems behave non-linearly. Therefore,
it would be interesting to go through the process of linearizing them about the
optimal points in a formal setting and formalize conditions for existence and
uniqueness of their solutions. One of the overarching goals that we would like
to achieve is to verify the algorithms used by widely used ordinary differential
equation solvers like SUNDIALS [7], ODEPACK [6] etc. Most of the high
performance computing and cyber-physical applications rely on these common
purpose solvers for computing solutions of the differential equations. Therefore,
verifying their algorithms will provide rigorous formal guarantees and expose
possible bugs in the implementation of the algorithms.
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Appendix A Informal proof of the ratio test

Here, we provide an informal proof [27] of the Theorem (2).

Proof Let (an) be a sequence of real numbers such that limn→∞
an+1

an
= L. Since

(an) is a sequence of positive numbers, 0 ≤ L. By the density of Real Numbers
theorem, there exists a real r, such that L < r < 1.

Unfolding the definition of limn→∞
an+1

an
= L, for ε = r − L > 0, ∃N ∈ N, such

that forall n ≥ N ,
∣∣∣an+1

an
− L

∣∣∣ < ε = r − L, which implies that,

−ε < an+1

an
− L < ε =⇒ L− ε < an+1

an
< L+ ε =⇒ an+1

an
< L+ (r − L) = r

Therefore, ∀n, n ≥ N , an+1 < anr.
This implies, anr < an−1r

2, and an−2r
2 < an−3r

3, ...,
aN+1r

n−N < aNr
n−N+1

We thus obtain the following inequality:

an+1 < anr < an−1r
2 < . . . < aN+1r

n−N < aNr
n−N+1

Let K = aN
rN

. Therefore aNr
n−N+1 = Krn+1. Thus for n ≥ N , we have that

anr < Krn+1, or rather an < Krn. Since 0 < r < 1, we have that limn→∞ rn = 0.
Then by the squeeze lemma, limn→∞ an = 0. �

Appendix B Informal proof of (24)

To prove that the inequality (24) holds, unfold the definition of
(
m
k

)
. Therefore,

Proof (
m

k

)
=

m!

(m− k)!k!

=
(m− k + 1)(m− k + 2)...(m− 1)m

k!
(B1)

Since (m − k + 1) ≤ m, (m − k + 2) ≤ m, and so on, the product of terms in the
numerator of (B1) is bounded by mk. Hence,(

m

k

)
≤ mk

k!

�
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